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On the relationship between the noise-induced persistent current and dephasing rate.
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AC noise in disordered conductors causes both dephasing of the electron wave functions and a
DC current around a mesoscopic ring. We demonstrate that the dephasing rate τ−1ϕ in long wires
and the DC current, induced by the same noise and averaged over an ensemble of small rings are
connected. The ensemble-averaged h/2e flux harmonic 〈I〉 of the current and the dephasing rate
caused by the same uniform in space high frequency AC field are related in a remarkably simple way:
〈I〉 τϕ = Cβ e. Here e is an electron charge, and the constant Cβ depends on the Dyson symmetry
class. For a pure potential disorder the current 〈I〉 is diamagnetic Cβ = −(4/pi) and in the presence
of strong spin-orbit scattering it is paramagnetic Cβ = (2/pi). The relationship seems to agree
reasonably with experiments. This suggests that the two puzzles: anomalously large persistent
current [L.P.Levy et al., Phys.Rev.Lett., 64, 2074 (1990)] and the low-temperature saturation of the
dephasing [P.Mohanty et al., Phys.Rev.Lett., 78, 3366 (1997)] may have a common solution.
PACS number(s): 72.15.Rn, 72.70.+m, 72.20.Ht, 73.23.-b
Since the discovery of universal conductance fluctu-
ations [1,2] physics of mesoscopic systems has made
tremendous progress. However, few important experi-
mental observations still remain unexplained. One of the
long-standing challenges is the anomalously large value
of persistent current [3]. Levy et al. [4] studied the mag-
netic response of an ensemble of 107 mesoscopic copper
rings as a function of applied weak magnetic field. The
average current per ring 〈I0(φ)〉 = I0 sin(4pieφ/hc) found
from such measurements is a hc/2e-periodic function of
the magnetic flux φ threading each ring. The amplitude
I0 has been found to be of the order of I
exp
0 ∼ e/τD,
where τD = L
2/D is the time of diffusion around the
ring of the circumference L. Other measurements [5–7]
of persistent current brought up similar results.
On the other hand, assuming that the system is in the
equilibrium and that electrons do not interact with each
other, one gets [9] the amplitude Itheor0 ∼ (e/h)∆ =
g−1 Iexp0 , where ∆ is the electron mean level spacing,
and g = τD∆ is the dimensionless conductance. The
sign of the average persistent current predicted by the
existing theories of non-interacting electrons, as well as
the sign of the contribution of the electron-electron inter-
action in non-superconducting systems, is paramegnetic,
i.e., ∂〈I0(φ)〉/∂φ > 0 at small φ.
In the experiments Ref. [4–6] the dimensionless con-
ductance was large g ∼ 102, i.e., the observed persistent
current exceeded the theoretical estimation by two or-
ders of magnitude. None of numerous attempts (see e.g.
[10] and for discussion [8]) succeeded in explaining the
magnitude of the persistent current by electron-electron
interaction. Therefore, the amplitude of the persistent
current is in striking disagreement with existing theories.
Another major puzzle in mesoscopic physics recently
attracted much attention. Mohanty et al. [11] experi-
mentally proved that the saturation of the dephasing rate
at low temperatures T cannot be explained by conven-
tional arguments such as magnetic impurities or heating.
On the other hand, the dephasing due to interactions
between electrons (or between electrons and phonons) in
an equilibrium system is theoretically predicted to disap-
pear at T=0 [12,13]. Several attempts have been made
to resolve the puzzle resulting from the noise caused by
the two-level systems [14], 2-channel Kondo effect [15],
or external radiation [16]. In all these explanations elec-
trons interact with an ‘environment’ that displays a real
time evolution, e.g., real transitions in two-level systems
or a time-dependent electric field. From this point of
view, the system of free electrons subject to an external
AC field captures all the essential features of dephasing.
For instance using the proper correlator of the equilib-
rium intrinsic AC electric noise one can evaluate [12] the
dephasing rate due to e−e interaction, which is in agree-
ment with the experiment at modestly low temperatures.
[13].
It is known [17] that the AC electric field may also
cause a random DC current in mesoscopic systems. How-
ever, in contrast to classical physics where the rectifica-
tion exists only in media without inversion center, the
Aharonov-Bohm effect makes the disorder-averaged rec-
tified current also possible [18]. This rectified DC current
leads to the DC magnetic response similar to the one
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which results from the equilibrium persistent current.
We show below that such a noise-induced DC current
averaged over an ensemble of small rings of the circum-
ference L ≪ Lϕ and the dephasing rate induced by the
same noise in long wires of the length L ≫ Lϕ =
√
Dτϕ
are related in a remarkably simple way:
IE τϕ = Cβ e, Cβ =
{−4/pi, β = 1
+2/pi, β = 4
(1)
where e is an absolute value of the charge carriers and
Cβ is a constant that depends on the Dyson symmetry
class: β = 1 for the pure potential disorder and β = 4 in
the presence of a spin-orbit scattering with the charac-
teristic length Lso ≪ L. Thus, the important differences
between the equilibrium persistent current and the recti-
fied DC current are (1) the magnitude and (2) the sign if
Lso ≫ L. In this orthogonal case the ensemble-averaged
DC current 〈IE(φ)〉 = IE sin(4pieφ/hc) is diamagnetic,
i.e. ∂〈IE(φ)〉/∂φ < 0 at small φ.
This is the central result of the Letter. The relation-
ship Eq.(1) holds regardless of the nature of the noise,
since no single parameter of the system and ‘environ-
ment’ enters Eq.(1). The noise could be external or in-
trinsic and not even necessarily electric (e.g., the phonon
wind). The only important condition is that the noise
must be non-equilibrium. This suggests (see also Ref.
[19]) that the two puzzles: an anomalously large per-
sistent current and an anomalously large temperature-
independent dephasing rate maybe closely related.
Actually, the relationship Eq.(1) can be understood
by the dimension analysis. Consider as an example of a
noise a monochromatic AC electric field with a frequency
ω and an amplitude Eω. Given the diffusion constant D
one can construct a dimensionless combination:
α =
D
ω3
( e
h
Eω
)2
=
(
Lω
LE
)2
, (2)
where Lω =
√
D/ω, and the characteristic length LE
is determined by the equation eEωLE = hω. One can
estimate the dephasing rate in long wires at T = 0 as:
1
τϕ
= ω fϕ(α). (3)
Evaluation of fϕ(α) goes beyond the dimension analysis.
As to the nonlinear DC current in mesoscopic rings,
its amplitude depends on two parameters:
IE = e ω fI(α, γ), (4)
- the parameter α Eq.(2) and the ‘mesoscopic’ parameter
γ = ωτD =
(
L
Lω
)2
. (5)
In the weak-field limit α→ 0 both the DC current and
the dephasing rate are quadratic in Eω, i.e., linear in α:
IE = e ω α fI(γ), τ
−1
ϕ = ωf
′
ϕ(0)α (6)
where fI(γ) is yet an unknown function of γ. Provided
that this function has a non-zero limit fI(∞) at γ ≫ 1,
we immediately arrive at:
IE τϕ = eCβ, Cβ = fI(∞)/f ′ϕ(0), (7)
where Cβ is a constant of order 1.
This is essentially Eq.(1). The above analysis suggests
that Eq.(1) is valid when α is small, and γ is large.
According to Eqs.(2-5) Lϕ ∼ Lω α−1/2 ∼ L (αγ)−1/2.
Thus, the mesoscopic condition L≪ Lϕ is equivalent to
αγ ≪ 1, and the above consideration is valid when
1≪ γ ≪ α−1, Lω ≪ L≪ Lϕ. (8)
One can also write Eq. (8) as ω ≫max{τ−1D , eEωL/h¯}.
Another condition concerns the space correlation of the
field Eω . We neglected space dependence of the field.
This can be done [18] if at the length scale of Lω the
field is strongly correlated.
An assumption that fI(γ) has a finite limit at β →∞
is anything but trivial. It implies that in the quadratic in
Eω approximation the DC current flows coherently even
at Lω ≪ L. It was first mentioned in Ref. [17] and fur-
ther discussed in [18,20] that the nonlinear DC current
is not destroyed at Lω ≪ L. Note that this conclusion
applies only to the DC current and is not correct for the
ensemble-averaged second harmonic current [18].
It is intuitively clear that for DC current IE to flow,
the environment and the electrons should be out of the
thermal equilibrium. Indeed, IE vanishes identically for
the equilibrium electric noise [20]. On the other hand,
even the equilibrium electric noise causes dephasing [12].
Eq.(1) involves T → 0 limits of 1/τϕ and the DC cur-
rent, which are their maximal values for a given sam-
ple. At finite temperatures, the dephasing rate exceeds
IE/Cβ e even at L ≪ Lϕ, due to the T-dependent con-
tribution from the equilibrium part of the noise to 1/τϕ.
Of course, the arguments presented above cannot sub-
stitute an analytic derivation which we proceed with.
Consider a quasi-1D system of non-interacting electrons
with an external AC field E(t) = − 1c ∂At∂t where At is a
time-dependent tangential vector-potential with the zero
mean value At = 0. Here the bar means the time aver-
aging. In contrast with Ref. [18] the field At represents
a noise with short-range time-correlations rather than a
strictly monochromatic field [21]. The correlation func-
tion AtAt′ is supposed to decrease at |t− t′| > tc ∼ ω−1.
For simplicity we consider this field to be constant along
a ring though the actual requirement [18] for the scale rc
of space variation is much weaker rc ≫ Lω.
We consider two different geometries: a long wire with
the length L ≫ Lϕ and a ring with the circumference
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L ≪ Lϕ. In the latter case we study a DC current that
flows when a time-independent flux φ threads the ring.
The weak localization correction 〈Iwl(t)〉 to the
disorder-averaged current in such a system is given by
the well known cooperon contribution [12]:
〈Iwl(t)〉 = Cβ e
2D
2h¯L
∫
∞
0
dτ Ct− τ
2
(τ
2
,−τ
2
)
E(t− τ). (9)
Here Ct(τ, τ ′) =
∑
q Ct(q, τ, τ ′) is a cooperon at coinci-
dent space points, and Ct(q, τ, τ ′) is determined by [12]:
∂Ct
∂τ
+D
(
q − e
h¯c
(At+τ +At−τ )
)2
Ct = δ(τ − τ ′), (10)
where q is a momentum. It is continuous if the wire
is long; for a ring q = (2pi/L) (m − 2eφ/hc), m =
0,±1,±2.... Eqs.(9,10) are valid if the conductance of
the system is large g ≫ 1, and the field is weak enough
(e/h¯c)Atl≪ 1, (l is the mean free path of the electrons).
The DC component of the current 〈IE(φ)〉 is given by
the time average of Eq.(9). Since this average does not
depend on the reference point we can shift t → t + τ/2
and express the n− th flux harmonic I(n)E of the current
〈IE(φ)〉 =
∞∑
n=1
I
(n)
E sin(4pin
eφ
hc
), (11)
through the n−th flux harmonic C(n)t (τ) of the cooperon
I
(n)
E = −
iCβe
2D
h¯cL
∫
∞
0
dτ C
(n)
t (τ)
∂At−τ/2
∂t
. (12)
Solving Eq.(10) and using the Poisson summation for-
mula, one can find an exact expression for C
(n)
t (τ):
C
(n)
t (τ) =
√
τD
4piτ
e−
n
2
τD
4τ ein S1[A] e−τ S2[A]. (13)
Here
S1[A] =
2eL
h¯c
[
1
τ
∫ t+τ/2
t−τ/2
At1 dt1
]
≡ 2eL
h¯c
〈At1〉t;τ , (14)
S2[A] =
2e2D
h¯2c2
[
〈A2t1 〉t;τ + 〈At1A2t−t1〉t;τ − 2 (〈At1〉t;τ )
2
]
.
(15)
According to Eqs.(9,10) the weak-localization correc-
tion to the conductance of a long wire equals to
δσ = Cβ
√
piDe2
2h
∫
∞
0
dτ√
τ
exp {−τS2[A]}. (16)
(we substitute a DC field E0 for E(t−τ) and used the def-
inition Eq.(15)). The form of Eqs.(13,16) suggests that
S2[A] is related with the dephasing rate, while S1[A] is
responsible for the nonlinear DC current.
Now we assume that the correlation time of the AC
field is shorter than the relevant time scale τ0 in the in-
tegrals Eqs.(12,16). For the problem of dephasing in a
long wire Eq.(16) τ
(deph)
0 ∼ τϕ, while for the problem
of DC current in a ring Eq.(12) τ
(DC)
0 ∼ τD. Under
these assumptions one can neglect the second and the
third terms in Eq.(15) and identify the average 〈A2t1〉t;τ
defined in Eq.(14) with the true time-average A2t1 . As
a result, S2[A] = 2D(e
2/h¯2c2)A2t becomes independent
of t and τ . Using Eq.(16), we identify S2[A] with the
noise-induced dephasing rate:
1
τϕ
= 2D(e2/h¯2c2)A2t . (17)
In order to compute the amplitude I
(n)
E of the DC cur-
rent we have to evaluate the time-average in Eq.(12)
∂At−τ/2
∂t
exp
{
in
τ
(2eL/h¯c)
∫ t+τ/2
t−τ/2
At1 dt1
}
= (18)
=
in
τ
(2eL/h¯c)A2t .
Since the time-average of the total time-derivative is zero,
we can transfer the differentiation to the exponent. In the
limit (L/Lϕ)
2 (tc/τD)≪ 1, one can differentiate only the
lower limit of the integral and set 〈At1 〉t,τ = At = 0 in
the exponent after the differentiation. Substituting the
result in Eq.(12) we arrive at an integral over τ , which
can be evaluated exactly. Finally, we use Eq.(17) to ex-
press A2t in terms of the dephasing rate and obtain the
amplitude of the n− th flux harmonic of the DC current
averaged over the ensemble of mesoscopic rings Eq.(11):
I
(n)
E = Cβ
(
e
τϕ
)
exp
[
−n L
Lϕ
]
. (19)
Eq.(1) for the principal h/2e- periodic component I
(1)
E is
just in the limit of Eq.(19) at L≪ Lϕ.
Unlike other theories [9,10] of persistent current, the
relationship Eq.(1) gives a correct magnitude of the DC
current. Indeed, in a given sample at T = 0 the current
as a function of the noise intensity reaches its maximal
value when Lϕ becomes comparable to the sample size L
(further increase of the intensity would suppress the DC
current exponentially ∼ exp{−L/Lϕ}). This condition
can be rewritten as τϕ ∼ τD. Using Eq.(1) we find [18]
that the maximal value of the current is of the order of
ImaxE ∼ e/τD (20)
This is the order of magnitude of the current which was
observed in all experiments.
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The ensemble-averaged current observed in copper
rings by Levy et al. [4] was about 0.3 nA. We can es-
timate 2e/piτϕ < 0.9 nA. In Ref. [7] an ensemble of 10
5
GaAs/GaAlAs rings have been studied. In this case the
estimation gives 4e/piτϕ < 1.2 nA, while the observed
ensemble-averaged current was about 1.5 nA. In both
cases there is a great deal of uncertainty: the saturated
value of τϕ has not been measured, and for estimation
we used values of τϕ measured in similar structures at
T ≈ 1 K and T ≈ 50 mK, respectively. Nevertheless the
estimations of the DC current based on Eq.(1) are much
closer to the experimental values than the predictions of
the theories Ref. [9], which assume thermal equilibrium.
Recently Mohanty et.al. measured the low-
temperature dephasing and the ”persistent” current in
the same set up [6,19]. The dephasing time in long gold
wires saturated at τϕ ≈ 4 ns. The ”persistent” cur-
rent has been obtained from the magnetization of 30 gold
rings fabricated in the same way as the wires. The ampli-
tude of the h/2e DC current was found to be ∼ 0.06 nA,
while 2e/piτϕ ≈ 0.03 nA. Therefore, in all three experi-
ments Refs. [4,7,6,19] Eq.(1) was satisfied up to a factor
∼ 2, though the magnitude of the persistent current var-
ied within two decades.
Situation with the sign of the magnetization is not
so clear. In Ref. [4] this sign was not measured. In
GaAs/GaAlAs rings of Ref. [7] the sign of IE was ob-
served to be diamagnetic in full agreement with Eq.(1)
(the spin-orbit effects are negligible [22]). However, in
Ref. [6,19] the sign of the h/2e response was also dia-
magnetic. This contradicts Eq.(1): IE should be para-
magnetic, since spin-orbit effects in gold are strong. We
believe, that the contradiction can be explained in the
following way. The number of rings N = 30 in Ref. [6,19]
might be not sufficiently large to average out the random
mesoscopic part in the h/2e-periodic component of the
current. Indeed, there can be no h/e-periodic component
in the ensemble-averaged current. However, in Ref. [6,19]
the h/e magnetic response of 30 rings was only twice as
weak as the h/2e one. This means that the ensemble-
averaged DC current IE and the h/2e-periodic current
averaged over 30 rings can differ substantially and even
have opposite signs. The prediction that the sign of the
”persistent” current is determined by the strength of the
spin-orbit interaction is the most critical for our theory
and deserves a serious experimental check.
In conclusion, we have derived a relationship, Eq.(1)
between the averaged DC current generated by a non-
equilibrium AC noise in an ensemble of mesoscopic rings
and the dephasing rate caused by the same noise. It
provides a much better fit for the magnitude of low-
temperature ring magnetization than other existing the-
ories, which assume the equilibrium. More experimental
work is needed to confirm the role of the non-equilibrium
noise. However, there are reasons to suspect that cur-
rently we deal with substantially non-equilibrium meso-
scopic systems.
We would like to thank I.L.Aleiner, C.Beenakker,
H.Bouchiat, M. Dyakonov, M.V.Feigelman, Yu.Galperin,
K.B.Efetov, A.I.Larkin, I.V.Lerner, P.Mohanty,
V.I.Yudson and R.A.Webb for stimulating discussions.
The work at Princeton University was supported by ARO
MURI DAAG55-98-1-0270.
[1] R.A. Webb, S. Washburn, C.P. Umbach, and R.B. Lai-
bowitz, Phys. Rev. Lett., 54 2696 (1985).
[2] B.L.Altshuler, Pis’ma Zh.Exp.Teor.Fiz., 41 530 (1985)
[Sov.Phys. JETP Lett., 41 648 (1985)]; P.A.Lee and
A.D.Stone, Phys.Rev.Lett., 55 1622 (1985).
[3] M.Bu¨ttiker, Y.Imry and R.Landauer, Phys.Lett.A, 96
365 (1983).
[4] L.P.Levy, G.Dolan, J.Dunmuir, and H.Bouchiat, Phys.
Rev.Lett., 64, 2074 (1990).
[5] V. Chandrasekhar, R.A. Webb, M.J. Brady, M.B.
Ketchen, W.J. Gallagher, and A. Kleinsasser, Phys. Rev.
Lett., 67 3578 (1991).
[6] P.Mohanty, E.M.Q.Jariwala, M.B.Ketchen and
R.A.Webb, (to be published).
[7] B.Reulet, M.Ramin, H.Bouchiat, and D.Mailly,
Phys.Rev.Lett.,75, 124 (1995).
[8] B.L.Altshuler in Nanostructures and Mesoscopic Sys-
tems, edited by W.P. Kirk and M.A. Reed (Academic,
New York, 1992).
[9] B.L.Altshuler, Y.Gefen and Y.Imry, Phys.Rev.Lett., 66,
88 (1991); A. Schmid, ibid, 80 (1991); F.v.Oppen and
K.E.Riedel, ibid, 84 (1991).
[10] V.Ambegaokar and U.Eckern, Phys.Rev.Lett., 65, 381
(1990).
[11] P.Mohanty, E.M.Q.Jarivala and R.A.Webb, Phys. Rev.
Lett., 78, 3366 (1997).
[12] B.L.Altshuler, A.G.Aronov and D.E.Khmelnitskii, J.
Phys. C 15, 7367 (1982); B.L.Altshuler and A.G.Aronov,
in Electron-Electron interaction in disordered systems,
edited by A.L.Efros and M.Pollak, (North Holland, Am-
sterdam, 1985).
[13] I.L.Aleiner, B.L.Altshuler and M.E.Gershenson, Waves
Random Media., 9, 201 (1999).
[14] Y.Imry, H.Fukuyama and P.Schwab, cond-mat/9903017.
[15] A.Zawadowski, J.von Delft and D.C.Ralph,
Phys.Rev.Lett 83, 2603 (1999).
[16] B.L.Altshuler, M.E.Gershenson and I.L.Aleiner, Physica
E 3, 58 (1998).
[17] V.I. Fal’ko and D.E.Khmelnitskii, ZhETF 95, 328 (1989)
[Sov. Phys. JETP 68, 186 (1989)].
[18] V.E.Kravtsov and V.I.Yudson, Phys.Rev.Lett., 70, 210
(1993); A.G.Aronov and V.E.Kravtsov, Phys.Rev.B,
47, 13409 (1993); V.E.Kravtsov, Phys.Lett.A 172 452
(1993).
[19] P.Mohanty, Ann.Phys.(Leipzig) (to be published).
[20] V.E.Kravtsov and V.I.Yudson, cond-mat/9712149.
[21] This difference does not change the results of Ref. [18]
for the DC current at L ≪ Lϕ but it is relevant for the
the dephasing rate in quasi-1D wires as well as for the
DC current attenuation factor at L > Lϕ.
[22] B.Reulet, H.Bouchiat and D.Mailly, Europhys.Lett.,31,
305 (1995).
4
